The dynamics of a vibrating ring microgyroscope operating in the forced oscillation mode is investigated. The elastic and viscous anisotropy of the resonator and the nonlinearity of oscillations are taken into consideration. Additional nonlinear terms are suggested for the mathematical model of resonator dynamics. In addition to cubic nonlinearity, nonlinearity of the fifth degree is considered. By using the Krylov -Bogolyubov averaging method, equations containing parameters characterizing damping, elastic and viscous anisotropy, as well as coefficients of oscillation nonlinearity are deduced. The parameter identification problem is reduced to solving an overdetermined system of algebraic equations that are linear in the parameters to be identified. The proposed identification method allows testing at large oscillation amplitudes corresponding to a sufficiently high signal-to-noise ratio. It is shown that taking nonlinearities into account significantly increases the accuracy of parameter identification in the case of large oscillation amplitudes.
Introduction
Nowadays the vibrating microgyroscopes are one of the most promising inertial sensors used in navigation systems for various vehicles [1] . In this paper, the vibrating ring microgyroscope is considered as a micromechanical realization of the wave solid-state gyroscope with a ring resonator.
The foundations of the theory of a wave solid-state gyroscope have been laid down in [2] and [3] . Issues of instrumental error identification and methods of increasing accuracy were considered in [3] [4] [5] [6] [7] [8] . In these studies, linear equations of small resonator oscillations were used for parameter identification. Phenomena such as oscillation amplitude disruption inherent to nonlinear systems were detected during experimental studies of the dynamics of vibrating gyroscopes [9] [10] [11] . The impact of nonlinearity on the dynamics of micromechanical and wave solid-state gyroscopes is studied in detail in [7] . Nonlinearity can be neglected only at small oscillation amplitudes with a rather low signal-to-noise ratio. To increase this ratio, the amplitude of oscillations should be increased, but in this case the errors caused by nonlinearity start to grow too. To take nonlinearity into account in the parameter identification process, a special method was developed to identify the coefficient of cubic nonlinearity simultaneously with other parameters of the mathematical model of gyroscope resonator oscillations [12] . This method made it possible to significantly improve the accuracy of identification of all parameters and to identify the value of the cubic nonlinearity coefficient for the mathematical model. However, further increase in the amplitude requires refining the nonlinear mathematical model. Therefore, the goal of this paper is to develop a parameter identification method by using additional nonlinear terms in the mathematical model.
Resonator oscillation equations
We consider the gyroscope with a ring resonator shown in Fig. 1 . The ring resonator 2 is connected to the base 1 by torsion bars 3 (Fig. 1) . The resonator midline in undeformed state is a circle of radius R. Resonator oscillations are excited and measured by the system of control and measuring electrodes, respectively. Each contour is formed by two nearest torsion bars and a section of a resonator with a circumferential size of π/4. The second basic mode of oscillations for a thin elastic ring resonator is the superposition of two normal modes of oscillations that are turned relative to each other by the angle π/4. The primarily normal mode of resonator oscillations is excited by the control loop system. Due to rotation of the gyroscope base about the axis, perpendicular to the plane of the ring resonator, the secondary normal mode of oscillations arises. Antinodes of the secondary normal mode of oscillations are nodes of the primarily normal mode of oscillations.
Nonlinear differential equations describing the dynamics of the ring resonator [4, 7] can be written as follows:
where f and g are generalized coordinates of the second fundamental mode of resonator oscillations that are taken at two fixed points spaced apart from each other at angle π/4; ω is the characteristic frequency of the resonator; c and n are parameters of positional forces; h s = h sin 4α, h c = h cos 4α and b s = b sin 4β, b c = b cos 4β are components describing elastic and viscous anisotropy, respectively, h and b are elastic and viscous anisotropy modules, α and β are orientation angles of the principal axis of stiffness and dissipation relative to the reference axes; γ is the damping factor; v is the parameter characterizing the angular velocity; u 1 , u 2 , u 3 , u 4 are normalized amplitudes of the resonator oscillations driving signals; and ω 0 is the frequency of the external harmonic excitation.
Methods to identify the coefficients of dynamics equations for the ring resonator are presented in [4, 8] without allowance for nonlinearity and in [12] with the coefficient of cubic nonlinearity taken into account. When considering the supply of voltage to the oscillation control electrodes, cubic nonlinearity was deduced in [13] , with higher-order nonlinearities being neglected. To increase the accuracy of parameter identification, we consider equations (1), which include nonlinearities of the fifth degree.
Thus, we consider the following cases: 1) cubic nonlinearity of spherical type
2) cubic and fifth degree nonlinearities of spherical type
3) the linear model with F 1 = 0, F 2 = 0 to be used for comparison. We note that the linear mathematical model of gyroscope resonator oscillations which is obtained by substitution F 1 = F 2 = 0 into Eqs. (1) contains 12 parameters to be identified. The mathematical model including cubic nonlinearity (η = 0) has 13 parameters. The mathematical model including cubic and fifth degree nonlinearities has 14 parameters.
Averaging of the motion equations
We use the Krylov -Bogolyubov averaging method [14] to investigate the resonator dynamics under the soft resonance excitation of oscillations. Equations (1) are examined.
The frequency of the external excitation is assumed to be close to the resonant frequency of the resonator oscillations
where λ is the frequency adjustment introduced for tuning the gyroscope operation near the resonance.
The solution of the system (1) has an oscillatory character with a resonant frequency, ω, of about 10 kHz. In the absence of perturbations on the right-hand side of (1), the solution of the system (1) is purely harmonic. Small perturbations are caused by instrumental errors involved in manufacturing the resonator, by distinctions in damping of oscillations, gyroscopic forces and nonlinearity inherent in gyroscopes of the Foucault generalized pendulum class [3] . Small positional and velocity forces on the right-hand side of Eqs. (1) lead to a small change in the resonant frequency by approximately 1 Hz, which allows one to apply asymptotic methods for investigating the problem. We apply the Krylov -Bogolyubov averaging method to the system (1). Previously the system (1) is reduced to the standard form by conversion variables f ,ḟ , g,ġ to homogenized slow variables p 1 , q 1 , p 2 , q 2 as follows:
Substituting (2) into (1), resolving the obtained system of equations with respect to derivatives of slow variables and averaging over the explicitly contained time [1, 7] , we deduce a system of dynamic equations in the slow variables p 1 , q 1 , p 2 , q 2 as the first approximation of the averaging method. The deduced system can be written in matrix form as follows:
where the blocks of the matrix D and the parameters vector z have the form
For cubic nonlinearity of spherical type
where
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2) For cubic and fifth degree nonlinearities of spherical type
where As data to obtain estimates of the parameters of the mathematical model (1), we use a set of values is equal to the ratio of the amplitude to the maximum value of the amplitude. The amplitudefrequency characteristic is known to be symmetric with respect to the resonant frequency in a small neighborhood of the resonance subject to linear oscillations. The symmetry of the amplitude-frequency characteristic A = A(ω 0 ) is disrupted. This means that oscillations are nonlinear.
To identify the parameters of Eqs. (3), we consider the stationary mode of forced resonator oscillations. Stationary oscillations are determined by the algebraic system of equations obtained from (3) with the valueq = 0 and are represented with addition of the measurement error vector e j :
Stationary values p 1 , q 1 , p 2 , q 2 obtained with the given frequency adjustment λ = λ j in algebraic equations (4) are measured values, where j = 1, . . . , N, N is the quantity of stationary modes of resonator oscillations.
Next, we set up an overdetermined algebraic system of equations with N blocks (4) corresponding to the given frequency adjustments:
To identify the parameters of the system (5), it is sufficient to choose an array of values λ j (j = 1, . . . , N) for which the matrix C = (D T D) −1 is not degenerate. By using the least squares method, we obtain the estimate z of the parameters of the mathematical model This is the problem of estimating the expectation of the normal law of distribution in the case of unknown variance. Confidence intervals are found by the formula [15] 
where c jj are the diagonal elements of the matrix 
Experimental data and its processing
By using the least squares method for a set of values 
) on the frequency of oscillation excitation is restored via the obtained parameters estimates by solving the system of nonlinear algebraic equations (4) . Errors between the restored amplitudes and the experimental ones are calculated from the following formulas:
In the first case the results obtained with linear (where F 1 = F 2 = 0) and nonlinear (where
) mathematical models are compared. The identification method for gyroscope parameters using the linear mathematical model is described in [7, 8, 16] . In the case where the linear model is used for identifying the parameters, the sum of squared residuals is S = 20.3, and when the nonlinear model is used, it is equal to S = 1.98.
We emphasize that taking into account the nonlinearity coefficient allows one to reduce the sum of squared amplitude residuals by almost an order. From comparison of the errors between the restored and experimental amplitudes (Figs. 4 and 5 ) it follows that, for large oscillation amplitudes, taking nonlinearity into account significantly improves the accuracy of parameters identification for gyroscopes.
In the second case (cubic and fifth degree nonlinearities of spherical type) the sum of squared residuals is S = 0.99. Taking into account the fifth degree nonlinearity allows one to reduce the sum of squared amplitude residuals by half.
From comparison of the errors between the restored and experimental amplitudes (Figs. 5 and 6) it follows that, for large oscillation amplitudes, taking nonlinearity into account improves the accuracy of parameter identification for gyroscopes.
The results presented above can be used for gyroscope drift compensation [17, 18] . 
